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RESIDUES AND DUALITY ON SEMI-LOCAL TWO-DIMENSIONAL 

ADELES 

DONGWEN LIU 


Abstract. In this note, we establish a duality result under the residue paring between 
certain two-dimensional adelic spaces, which are associated to a closed point on an arith¬ 
metic surface. 


1. Introduction 

Higher dimensional adeles were introduced around 70s and 80s by Parshin [P] and Beilin¬ 
son [B], who found among other things that for any quasi-coherent sheaf on a noetherian 
scheme, the cohomology of the associated adelic complex coincides with its sheaf coho¬ 
mology. Their interesting idea and elegant construction of the adelic resolution provide 
an explicit adelic approach to study the geometry and arithmetic of higher dimensional 
schemes, algebraic or arithmetic. A large variety of developments originated from this idea 
since then, although we will only mention a couple of typical examples below for illustra¬ 
tion. We apologize for not mentioning many other important related works on this subject, 
which we are not able to recall in this short note. 

For instance, Yekutieli in the monograph [Y] gives an adelic construction for the Grothendieck 
residue complex for algebraic varieties over a perfect field; Osipov [O] applies adelic con¬ 
structions of relative residues and symbols to the Gysin map along a projective morphism 
from a smooth algebraic surface to a smooth algebraic curve over a perfect field; vari¬ 
ous Weil and Parshin reciprocity laws are established in [OZ] via categorical method; the 
arithmetic case is considered by Morrow in [Ml, M2], where the dualizing sheaves and 
Grothendieck’s trace map for arithmetic surfaces are described explicitly using adeles; fol¬ 
lowing Morrow’s treatment we consider the multiplicative analog for arithmetic surfaces 
in [L] and establish several reciprocities. This subject definitely deserves further investi¬ 
gations, and we would like to take this opportunity to mention that the generalization of 
adelic methods to higher dimensional arithmetic schemes will be carried out in a forthcom¬ 
ing project, including various important topics such as Grothendieck’s residue complex, 
relative trace maps via local cohomology, multiplicative symbols, reciprocity laws, Gysin 
morphisms and so on. 

Moreover, we currently have a renewed interest due to the work of Osipov and Parshin 
in [OP1, OP2], where a theory of harmonic analysis in dimension two is developed and 
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leads to an analytic proof of the Riemann-Roch theorem for smooth projective algebraic 
surfaces over a finite held. 

This paper grows out of a recent joint work [LZ] with Y. Zhu, where we reformulate 
aforementioned Osipov-Parshin’s theory in a slightly more canonical way, extend the notion 
of Weil index and as applications establish certain quadratic reciprocity laws on arithmetic 
surfaces. For that purpose, a necessary piece of ingredient is the residue pairing between 
certain two-dimensional adelic spaces as well as some duality statements. Our main results, 
Theorem 3.1 and Corollary 3.2, will be used in the analytic proof of quadratic reciprocities 
in [LZ]. 

Let us briefly outline the main result as well as the structure of the paper. Let X be an 
arithmetic surface (see Section 2 for details) over a Dedekind domain Ok of characteristic 
zero with finite residue fields. We consider a semi-local situation, namely we fix a closed 
point x & X lying over a finite place s of Ok, and take various formal curves y containing 
x. Let K(X) x = Frac Ox,x and K s = Frac Ok,s■ We define the adele ring Ax, x at x and 
the adelic space of continuous relative differential forms !1^ j K , between which there is 
a canonical residue pairing 

A-X,x * Xx /K a ^ K s , (/j^O l— ^ Res x (fid) := ^ ' Res x,y{fy^y) 

y<ZfX,y3x 

where the last sum is taken over all formal curves y X containing x. Here and thereafter 
we write y C-' X to indicate that y is only a formal curve, which may not be global. In 
[Ml, M2] it is proved that the residue pairing is trivial restricted on the rational points 
K(X) x x ^ . Our main result states that, K(X) x and ^x S (x) j K are in fact 

mutually the full annihilators under the residue paring at x. This suggests, for example, 
that the arithmetic quotient Ax :X /K(X) x can be thought of as the “Pontryagin dual” of 
the space of rational differential forms &k S (x) /K ' n some suitable sense. 

In Section 2 we recall the construction of residue maps in dimension two as well as the 
reciprocity from [Ml, M2], In Section 3 we formulate the main result in its algebraic and 
geometric versions, and give a purely algebraic and elementary proof, which only makes 
use of the explicit structures of two-dimensional local fields as well as several standard 
facts from algebraic number theory. Our treatment is thus self-contained modulo these 
well-known results on local fields. 

Acknowledgement. The author is in debt to Y. Zhu for several discussions during 
their joint work [LZ]. He is grateful to the hospitality of HKUST, in a visit to which the 
work was started. 


2. Residues in dimension two 

In this section, as preliminaries we briefly recall the construction of residue maps in 
dimension two from [Ml, M2], A two-dimensional local field under our concern is a complete 
discrete valuation field F , whose residue held F is a complete held of discrete valuation 
with finite residue held. Let F be such a held with characteristic zero, and K C F be a 
local held contained in F such that Frac(A n Of) = K. Let kFj< be the algebraic closure 
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of K in F, which is finite over K hence a local field as well. We fix the subheld K and 
write kp instead of kp t p for simplicity. 

For a module M over a local ring A with maximal ideal m^, we write M sep = M/ H ra >o m A^ 
for the maximal separable quotient of M. Define the space of continuous relative differ¬ 
ential forms Qp S / K = ^Op/KpOp F- If F is of equal characteristic, then a choice of a 
local parameter t leads to a unique fop-isomorphism F = fop((f)), and one has K C Of, 
^Op/k = @Fdt- The relative residue map is defined by 


Resp/p : Qp s / K —» K, ^ a n t n dt i-> Tr fcF /p(a_i), 

n 


which does not depend on the choice of t. 

If F is of mixed characteristic, then by Cohen’s structure theory [C] there is a two 
dimensional local held L inside F such that F/L is hnite, F = L, kp = kp and L is 
fop-isomorphic to 


a n £ kp is bounded and lim a n = 

71—> — OO 

Such L is called standard. For standard helds one has K n Op = Op and 
The relative residue map is dehned by 

H es L/A' : Dp/p “^ K, ^ a n t n dt — Tr fcz yp(a_i). 


MW) := X! 


a n t 


. n£Z 



O se P 

IL O l /O k 


n 


Opdt. 


Note the minus sign in the above definition. In general we define 

Res f/k = Resp / K ° Trp/p : Dp/ K -A K, 

which is independent of the choice of L and the fop-isomorphism L = fop{{t}}. 

It is proved in [Ml] that the residue maps dehned above are functorial, i.e. they commute 
with trace maps, and in [M2] they are shown to be continuous with respect to the discrete 
valuation topology. The reciprocity formulated below as well as its geometrization are 
established in [Ml, M2], 

Let A be a two-dimensional normal complete local ring of characteristic zero with hnite 
residue held of characteristic p, and E be the fractional held of A. Let K be a p-adic local 
held of characteristic zero, such that its ring of integers Op is contained in A. We write 
*P <I 1 A for a height one prime ideal *p of A, and let E<n be the fractional held of Ay, the 
completion of A<$ with respect to the discrete valuation induced by ^Ay. Let us denote 
^a/Ok E by Hp/pj which is a quotient of Dp/p. For simplicity we write 

Restp = Resp^/p : D^/p ->■ K 

and by abuse of notation we also denote by Resqj its restriction to D^/p under the natural 
embedding Dp/p ^A Dp S /p, called the residue map at *p. Then the reciprocity proved in 
[Ml] states that 
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Theorem 2.1. Let u £ ^e/K' Then the residue Resfp(w) = 0 for almost all height one 
primes *)3 o/i and in K one has 

Res/f (w) := Resq}(w) = 0. 

qj< 1 A 

As outlined in the Introduction, one has geometric interpretation for the above reci¬ 
procity in terms of arithmetic surfaces. Let us briefly recall the formulation and refer 
the reader to [M2] for more details. See also [L] for similar discussions in the context of 
multiplicative symbols. 

Let Ok be a Dedekind domain of characteristic zero with finite residue fields. Let X be 
a two-dimensional, normal scheme, flat and projective over S = Spec Ok, whose generic 
fibre is one-dimensional and irreducible. Let x be a codimension two closed point on X 
lying over a closed point s £ S. Then the complete local ring A := Ox,x satisfies the 
properties assumed in the above, and contains the discrete valuation ring Ok,s- To each 
formal curve y containing x, i.e. a height one prime ideal y of A, one may associate a 
two-dimensional local field K xy and define the local residue map 

R es x,y = ^- es K XtV /K s '■ ^ K XtV /K a Ks- 

Let K{X) x = Frac A ^ K XjV and K s = Frac Ok,s■ Then the reciprocity above can be 
reformulated in a geometric translation as 

Theorem 2.2. Let u £ ^k S (X) Ik > am ^ x ^ X be a closed point lying over s £ S. Then 
Res a ; ) j / (w) = 0 for almost all formal curves y C? X containing x and 

Res x (w) := ^ Res^^u;) = 0. 

yet X,y^x 

The above theorem also has a variant form where the sum is over global curves. Let 
Y C X be an irreducible curve passing through x, which in general may have several 
formal branches y\,...,y n in Spec A. The curve Y defines a prime ideal of Ox,x, which 
we again denote by Y without causing any confusion. Then we may form a finite product 
of two-dimensional local fields 


R;j;. V ■— 11 R.T.y ■ 

y<T-A,y\Y 

Define the residue map 

ReSx.y = ^2 ^ es K x ,y/K s '■ ^k XiY /k s ^s- 

y< x A,y\Y 


Then one can easily formulate an analog of Theorem 2.2 by taking u> £ LIk(x)/k and the 
sum of residues Res x .y (cc) over all global curves Y C X containing x. 
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3. Main result 

We adopt the notations and formulations in the last section. Again let A be a two- 
dimensional local ring with properties specified as before and let E be its fractional field. 
Define the adele ring A^ of E to be the restricted product n^<iA with respect to Ap’s, 
and let be the restricted product Ocp<iM /K w ith respect to / Kro E ' s ' 

Then we have the pairing 

Ab x o If, (f,uj)*-^-Res E / K (fuj):= ^ Res*p(/<pWfp), 

cpcM 

which is actually a finite sum. Notice that we have diagonal embeddings E ^ A E and 
^ S e /K' Then by Theorem 2.1, the residue paring is trivial restricted to the space 
of rational points E x Q C ^ K . 

Our purpose is to prove the following result, which identifies the arithmetic quotients 
A e/E and ^Ab/A'A^e/a: as “Pontryagin duals” of £I c e /k an d ^ respectively in some 
appropriate sense. 

Theorem 3.1. E and ^eJk are mu t ua l annihilators under the residue pairing. 

Let us rephrase the theorem in a geometric way before giving its proof. We again follow 
the setup and notations in the last section. Consider a formal curve y X containing x. 
Write (D X} y = Ok x y - Define the adelic spaces 

Ax ’ X = n yC fx, V 3x Kx ' v ’ 

the restricted product with respect to 0 Xy y s, and 

QCtS _ 1 I ' QCtS 

“A x , x /Ks ~ 1 Ly C fX,y3x K *.y/ K *’ 

the restricted product with respect to „ ’s. Gluing all these pieces of construe- 

^-'x,y / A s I IL 'x,y 

tions we obtain the residue paring at x, 

Ax,j x tt c £ s Xx / Ka -1 K s , ( f,u ) i-A Res x (fuj) := ^ Res XtV (f y uj y ), 

yC.f X,y3x 

where Res Xiy is as defined in the last section. Consider the diagonal embeddings K(X) x 
Ax, x and ^°k\x) /K ^ /k • Theorem 2.2 states that the residue pairing is trivial 

restricted on K(X) x x j K . Now we have the following geometric reformulation of 

Theorem 3.1. 

Corollary 3.2. K(X) x and j K are mutual annihilators under the residue pairing 

at x. 

We shall reduce the proof of Theorem 3.1 to the case of a two-dimensional regular local 
ring. In fact by Cohen’s structure theorem [C], A has a subring B which contains Ok 
and is 0/x-isomorphic to 0# [[£]]. Then B is a two-dimensional complete regular local ring 
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with maximal ideal = ( irK,t ), where nx is a local parameter of K. Recall that by 
Weierstrass’s preparation theorem (cf. [W]), a height one prime of B is generated by either 
7 tk or an irreducible, distinguished polynomial (i.e. of the form t l + + • • • + ai with 

a* £ m K )- Let F be the fractional field of B. We first prove that 

Lemma 3.3. Theorem 3.1 holds for B, i.e. F and Wp S / K are mutual annihilators under 
the residue pairing 

A f x nf p/K -£ K, (/,w) ^ Res F/K {fu) := ^ Res p (/ p u; p ). 

Proof. First assume that for a fixed oj = (cu p ) p £ & f /k we Lave Res _p/a(/ w ) = 0 for 
any / £ F. We need to show that u £ Wpj K - It is equivalent to replace ui by u' = fui 
with any / £ F x and prove the conclusion for cJ. Hence w.l.o.g. we may assume that 
Up £ i K for any p / 7 trB. For any such p, which corresponds to an irreducible 

distinguished polynomial P = P(t) £ Ox\t\, we may fix an isomorphism Fp = kp((tp)) 
where k v = K[t]/(P(t)) and tp is a local parameter of p. Here we may and do choose 
tp = P(t). Then 

H Fp/K = Fpdtp = kp((tp))dtp. 

Denote 7 t f B by po- Then it is clear that Pit) £ O f for any p' / p,po- The image of 

r p' 

t under the embedding F k v ((tp)) is a root of the equation P{t) = tp, which a priori 
exists by Hensel’s lemma. One can easily show that it is of the form 

OO 

t — N ' Citp, Ci £ kp, 
i =0 

where Co £ kp is a root of P(t). Note that t £ 0 Fp , for any p' / po. 

If we write 

ujp — N ^ a^ptpdtp, p £ kp, 

i> 0 

then for any n > 0, 

Res F / K (P~ 1 t n uj) = Resp(P~ 1 t n u p ) + Res Po (P” 1 t n w Po ) = 0, 
which implies that 

ReSp(P~ 1 t n uip) = -Res Po (P _1 t n w Po ). 

By definition it is straightforward to check that 

Resp(P~ 1 f n Up) = Tr kp / K (c%a 0 ,p). 

Since {1, co, • • • , Cq 6sP form a basis of kp over K, the last two equations imply that 
Trfc p /A(^ a o,p) is determined by cu po for any A £ kp. Using non-degeneracy of the pairing 

kp x kp ->• K, (a, b) (->• Tr kp/K {ab), 

we see that a o, p is uniquely determined by oj P o . By induction, similar arguments apply for 
Res F / K (P~’ l ^ 1 t n u) and imply that a^p is determined by w Po for any i > 0. 
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Therefore we have deduced that w p is determined by w Po for arbitrary p po- In other 
words, if both annihilate F and w Po = Wp Q , then oj = u/. Hence we are reduced to 
showing that w Po G ^ F / E - Recall that j K = /\{{f}}df. If we write 

CC p Q CLi,pot dt, ®i,p o ^ A, 

iez 

then similarly as above we have 

a -i,p 0 = -Res Po (f _1 u; Po ) = Res (t )(f -1 u;( t )) = 0, Vi > 1. 

Hence we obtain 

(u po = ^ ^ Qi,p 0 t dt G 0,p^j£. 
i> o 

This proves that u; G ^ C F S / E - 

In the same way one can show that F is the annihilator of K . □ 

Let us now prove the general case. At this time we shall only prove that E is the 
annihilator of Ll^ K , and leave the proof of the dual statement as an exercise which is 
slightly more technical but can be essentially handled in a similar manner. 

Assume that for a fixed / = G we have Res(/u;) = 0 for any oj G Q C E S / K - We 

have to show that / G E. Consider the natural trace maps —>• A F and —>• 

S f /ki both of which will be denoted by Tr^y^r. By functoriality of the residues with 
respect to the trace maps, 

Res F / A'(Tr E /f(/) w 0 = ^ es F/K(Fr E / F (fuj')) = R es E/K(f u ') = 0 
for any u/ G & F S / K - From the last lemma it follows that Tr E / F (f) € F. Replacing / by 
fg with g G E, similarly we have Tr E / F (fg) £ F. Hence we are reduced to proving the 
following result, which is a consequence of several standard facts from algebraic number 
theory. It should be a fairly standard result but it does not seem to be widely available in 
literature, so we give a detailed proof for completeness. 

Lemma 3.4. Let A/B be a finite extension of two-dimensional normal complete local 
rings of characteristic zero and E/F be the extension of their fractional fields. Assume 

that f G A e satisfies Tr E / F (fg) G F for any g G E. Then f G E. 

Proof. Take a finite extension A'/A of two-dimensional normal complete local rings, and 
let E' be the fractional field of A'. Assume that the lemma holds for A'/B. Take / G A# 
such that Tr E /p{f g) G F for any g G E. Then by functoriality of the trace map we have 

T ye'/fUq') = Tle/fTt E '/ E {fg') = Tv E / F (fTr E i/ E (g')) G F 

for any g' G E'. By our assumption this implies that / G E ', hence / G A. E D E' = E. 
Hence the lemma holds for A/B as well. Therefore by passing to a finite extension we may 
and do assume that E is Galois over F. 

We proceed by several steps, starting from the “rationality” of /<p for each <l 1 A. That 
is, we first show that /gj G E. Let {/3i,... , f3 n } be a basis of E over F, where n = [E : F\. 
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Fix p <l 1 B and let {a \,..., a n } be the multiset union of G <p := Gal(E<$/Fp) for all p|p. 
Recall that the p-component of Tx E / F (f ffj) is 

n 

^^Ey/FvifaPj) = Y a( yh) a (Pj) = Y a ^hi) cr i(Pj)- 
TIP Tip treGqj i=i 

Here {Pi,..., p n } is the multiset where all the 'P’s, p|p, appear with equal multiplicities 
such that (Tj G Gy. . The matrix D = (cp/d,)) i<ij< n is nonsingular and rational over 
E. Indeed, from Tr E / F = X^<p|p ^Ey/Fp one verifies that D T D = (T r E /F(Pil3j)), whose 
determinant is the discriminant D(j3i,..., /3 n ) / 0. Now by assumption Tr E / F (ff3j) G F 
for all j, so G E for all i. In particular fy G E for all P|p. 

It remains to prove that fy’s are equal for all p <1 1 A. It turns out that we only need 
to prove a weaker result that /<p’s are equal for all p|p with p fixed. In fact, assume 
this is true and let / p G E be the common value of fy’s with P|p. Then by assumption 
Tr E/Fifd ) = (TrE/i?(/ p 5 ))p G F for any g G E, which implies that Ti E / F (f p g) , s are equal 
for all p. The / p ’s must be also equal for all p due to the non-degeneracy of the paring 

E x E -A F, (a, b) i-a Tr E / F (ab). 

This proves that / lies in E. 

Finally let us show that /<p’s are equal for all P|p with p fixed. Let l be the number of 
these P’s. Consider the F-linear map 

T : E‘ = ® £ -> E", (x„)„ >-> ( £ .„. 

TIP TIP 

Let Ed be the copy of E diagonally embedded into E l . Then apparently Ed C T“ 1 (F n ), and 
what we need to prove is equivalent to that Ed = T~ 1 (F n ). Comparing the F-dinrensions, 
it suffices to show that T is injective. Assume that T((xy)y) = 0 but xy ^ 0 for some 
P'|p. By the approximation theorem for discrete valuations, there exists jGfi such that 

xv ' s =\eY\ modIp ' 

and xyg G P for p / p'. It follows that 

Y Tr Cp/F ( x yfj) = 1 mod P^p- 
TIP 

In particular, above is nonzero, which leads to a contradiction. This proves that T is 
injective hence finishes the proof of the lemma. □ 
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